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Abstract 
The multi-degree-of-freedom system is formulated from the typical problem of the stretched nonlinear Euler-Bernoulli beam 
excited by filtered white noise. The probabilistic solution of the multi-degree-of-freedom nonlinear stochastic dynamic 
systems similar to that formulated from Euler-Bernoulli beam and excited by filtered white noise is obtained by the state-
space-split method and exponential polynomial closure method. The way for selecting the sub-state vectors in the solution 
procedure with the state-space-split method is given for the discussed problem. The solution procedure with the state-space-
split method is presented for the system excited by filtered white noise. Numerical results are presented. The results obtained 
with the state-space-split method and exponential polynomial closure method are compared with those obtained by Monte 
Carlo simulation and equivalent linearization method to verify the effectiveness of the state-space-split method and 
exponential polynomial closure method in analyzing the probabilistic solutions of the multi-degree-of-freedom nonlinear 
stochastic dynamic systems similar to that formulated from the stretched nonlinear Euler-Bernoulli beam. 
© 2012 The Authors. Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Karlsruhe Institute of 
Technology (KIT), Institute of the Engineering Mechanics 
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1. Introduction 
Real problems in science and engineering can be modelled frequently as multi-degree-of-freedom (MDOF) 
nonlinear stochastic dynamic (NSD) systems [1-3]. The excitation can be coloured noise. The random vibration 
of the stretched Euler-Bernoulli beams excited by filtered white noise is one of the problems. Under some 
boundary conditions, the equation of motion of the beam is a nonlinear partial differential equation in time and 
space. With Galerkin method, a MDOF NSD system can be formulated from the nonlinear partial differential 
equation. Similar systems can also be formulated from many other problems. It is known that the analysis on the 
probabilistic solutions of MDOF NSD systems has been a challenge for decades. Only in few cases with 
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restrictive constrains the exact probabilistic solution of MDOF NSD system is obtainable. Therefore, much effort 
was spent on the investigation of the approximate solutions of MDOF NSD systems in the past. There are two 
methods that were frequently employed for analyzing the MDOF NSD systems. One is the equivalent 
linearization (EQL) method which was proposed by Booton in 1954 and widely investigated and employed 
thereafter in solving the problems arising from science and engineering [4-7]. Another method applicable for 
analyzing MDOF NSD systems is the Monte Carlo simulation (MCS) method which is for the numerical solution 
of stochastic differential equations [8]. The EQL is based on the assumption that the system responses are 
Gaussian and hence the first and second moments of the system responses can be well estimated with EQL if the 
system nonlinearity is weak. The MCS can be employed for analyzing many NSD systems, but the computational 
effort needed by the MCS is huge, if affordable, when the system is large or nonlinearity is strong and the small 
probability of system responses is needed. The numerical convergence, stability, round-off error, and requirement 
for large sample size are also challenges for the MCS method in analyzing large MDOF NSD systems. Recently, 
a new method named state-space-split (SSS) method was proposed for the probabilistic solutions of large MDOF 
NSD systems or solving the Fokker-Planck-Kolmogorov (FPK) equations in high dimensions [9, 10]. The SSS 
method can make the problem of solving the FPK equation in high dimensions reduced to the FPK equations in 
low dimensions or make the large-scale NSD system reduced to some small NSD systems. Therefore, the FPK 
equations in low dimensions can be solved with the exponential polynomial closure (EPC) method [11, 12]. In 
this paper, the SSS-EPC method is further extended to analyzing the probabilistic solutions of the systems similar 
to the stretched nonlinear beams excited by filtered white noise uniformly distributed on the beam. The results 
obtained with the SSS-EPC method are also compared with those from MCS and EQL to show the effectiveness 
of the SSS-EPC method in this case. 
2. State-space-split procedure for NSD systems excited by filtered white noise 
In the following discussion, the summation convention applies unless stated otherwise. The random state 
variable or vector is denoted with capital letter and the corresponding deterministic state variable or vector is 
denoted with the same letter in lowercase.  
     Many problems in science and engineering, such as the random vibration of geometrically nonlinear beam, 
plates, and cable systems, can be described with the following multi-dimensional nonlinear stochastic dynamic 
system with a polynomial type of nonlinearity. 
                     )(),( tFhY iii YY               Yni ,,2,1         (1) 
where ),,2,1( , Yi niRY , are components of the vector process Y
nRY ; RRRh YY nni : ; ),( YYih are 
of polynomial type of nonlinearity and their functional forms are assumed to be deterministic; i are constants, 
)(tF is excitation being filtered white noise governed by the following stochastic differential equation.  
 )()()()( 321 tWatFatFatF          (2) 
where 1a , 2a , and 3a are constants; )(tW is zero-mean Gaussian white noise with  power spectral density 0S . 
    Setting 12ii XY , ii XY 2 , ii Xf 212 , iii hFf2 , 0212 ii gg , ),,2,1( Yni , 12 ynXF , 
)1(2 yn
XF , )1(212 yy nn Xf , 122)1(21)1(2 yyy nnn XaXaf , 012 yng , 3)1(2 ag yn , and )1(2 YX nn , 
then Eqs. (1) and (2) can be written by the following coupled Langevin equations or Ito differential equations. 
 )()( tWgfX
dt
d
iii X               Xni ,,2,1     (3) 
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where  state vector XnRX , iX ( Xni ,2,1 ) are components of the state vector process X , and 
RRf Xni :)(X . The state vector X  is Markovian and the PDF ),( tp x of the Markov vector is governed by 
the FPK equation. Without loss of generality, consider the case when the white noises are Gaussian. In this case, 
the stationary PDF )(xp of the Markov vector is governed by the following reduced FPK equation. 
 0)()(([ 2
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where x is the deterministic state vector, XnRx . 
It is assumed that )(xp fulfils the following conditions: 
  0)()(lim xx pf jx j
                x, n,, j 21      (5) 
If the joint PDF of }  ,{ ii YY  or }  ,{ 212 ii XX   ( Yni ,...,2 ,1 )  and }  ,{ 1 XX nn XX are needed, separate the state 
vector X  into two parts by 2421 },{ XX
nn RRRXXX  with 412121 }  ,  ,  ,{ RXXXX XX nniiX , 
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Denote the PDF of 1X as )( 11 xp . In order to obtain )( 11 xp , integrating Eq. (4) over 2x
nR gives 
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Because of Eq. (5), we have  
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Eq. (6) can then be expressed as 
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which can be further expressed as 
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Because 
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Hence Eq. (9) can be written as 
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Separate )(xjf into two parts by 
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Substituting Eq. (12) into Eq. (11) and noting Eq. (10) gives 
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Denote 
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Then, Eq. (13) can be written as  
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in which ),( 1 kkp zx denotes the joint PDF of },{ 1 kZX . For real systems, normally )(x
II
jkf is a function of only 
few state variables. The summation convention not applies on the indexes k in Eq. (14) and in the following 
discussions.  
   From Eq. (14), it is seen that the coupling of 1X and 2X  comes from ),(),( 11 kkk
II
jk pf zxzx . Express 
),( 1 kkp zx as 
 );()(),( 1111 xzxzx kkkk qpp                   (15) 
where );( 1xz kkq is the conditional PDF of kZ for given 11 xX .  
    Substituting Eq. (15) into Eq. (14) gives 
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Approximately replacing the conditional PDFs );( 1xz kkq by those obtained from EQL, then Eq. (16) can be 
written as 
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where );( 1xz kkq is the conditional PDF of kZ  obtained from EQL for given 11 xX , and )(~ 11 xp  is the 
approximation of )( 11 xp . Denote 
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Then Eq. (17) can be written as 
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which is the approximate FPK equation for the joint PDF of the state variables 
4
12121 }  ,  ,  ,{ RXXXX XX nniiX . There are only four state variables in 1X , the resulting FPK equations is in 
four dimensions, and the EPC method can be adopted to solve Eq. (19) [12]. 
 
3. Multi-degree-of-freedom systems formulated with stretched Euler-Bernoulli beam 
     Consider the stretched Euler-Bernoulli beam with constant cross section as shown in Fig. 1.  
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Fig. 1. The Euler-Bernoulli beam with hinge supports at two ends 
 
     The governing equation for the motion of the beam is 
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where ),( txY is the deflection of the beam; L is the length of the beam; E is Young's modulus; I is the moment 
inertia of the cross section of the beam; A is the area of the cross section of the beam; ( 3/ mkg ) is the mass 
density of the beam; c is the damping constant of the beam; )(0 tFq  is the excitation uniformly distributed on the 
beam; 0q  is a constant; and )(tF  is a filtered Gaussian white noise governed by the following second order 
stochastic differential equation. 
)()()()( 321 tWatFatFatF      (21) 
in which  1a , 2a , and 3a are positive constants, )(tW is Gaussian white noise with power spectral density being 
0S . 
    For the beam which two ends are supported with hinges as shown in Fig. 1, the boundary conditions of the 
beam are 
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     In order to solve this problem with Galerkin method, ),( txY is expressed as 
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With Galerkin method, the following NSD system is obtained. 
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where )/(4 0 Aiqi . 
      Eq. (24) represents a coupled nonlinear stochastic dynamic system with m degrees of freedom, polynomial 
type of nonlinearity, and excited by the filtered Gaussian white noise )(tF governed by Eq. (21). Many systems 
similar to Eq. (24) can be obtained from real problems in science and engineering. In order to conduct numerical 
analysis, a five-degree-of-freedom nonlinear stochastic dynamic system is formulated with Eq. (21) and Eqs. (24) 
by setting m=4. The PDF solution of the deflection and the velocity in the middle of the beam at Lx 5.0 is 
analyzed with the SSS method and EPC method based on Eqs. (19), (21), (23), and (24). The state variable vector 
1X is taken to be
4)}( ,)(  ),,5.0(  ),,5.0({ RtFtFtLYtLY in formulating the four-dimensional FPK equation with 
the presented SSS solution procedure. The MCS is also conducted to verify the effectiveness of the SSS-EPC 
method in solving the FPK equations in high dimensions or analyzing the PDF solution of the multi-degree-of-
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freedom systems with a polynomial type of nonlinearity and excited by the filtered Gaussian white noise 
governed by Eq. (21). The results obtained with EQL are also given for comparison in the following numerical 
analysis. 
4. Numerical analysis 
     In the numerical analysis, the parameter values of the stretched Euler-Bernoulli beam are given by mL 5 , 
211 /101.2 mNE , 441017.2 mI ,  23106112.8 mA , 3/850,7 mkg , 23 /10 mNsc , mNq /1040 , 
and 53 10a . In solving the low-dimensional FPK equations obtained from SSS method, the fourth degree 
polynomial, 4n ,  is used in the EPC solution procedure. m equals four in Eq. (24). 
 
4.1  Case 1. 9.181a , 
5
2 10a , 1.00S  
 
      In this case, the power spectral density (PSD) function of the filtered white noise determined by Eq. (21) is 
shown in Fig. 2. The peak value of the PSD corresponds to 316 rad/s which is close to the basic natural 
frequency, 324 rad/s, of the system. Hence the system under this excitation is close to the resonance state with 
large displacement and strong nonlinearity.  
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Fig. 2. Power spectral density function in Case 1 
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      Fig. 3. PDFs of the deflection in the middle of beam          Fig. 4. logarithmic PDFs of the deflection in the middle of beam 
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The PDFs of displacement and velocity obtained with the SSS-EPC method are shown in Figs. 3 and 5. In order 
to show the tail behaviour of the PDFs obtained with various methods, the logarithm of the PDFs are also shown 
in Figs. 4 and 6. It is seen that the results obtained by the SSS-EPC are close to those obtained by the MCS.  
     It is also observed that both the displacement and velocity are far from being Gaussian, which means that 
system nonlinearity is quite strong. This also reflects the system state nearby resonance. 
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         Fig. 5. PDFs of the velocity in the middle of beam             Fig. 6. logarithmic PDFs of the velocity in the middle of beam  
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Fig. 7. Power spectral density function in Case 2 
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       Fig. 8. PDFs of the deflection in the middle of beam         Fig. 9. logarithmic PDFs of the deflection in the middle of beam 
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4.2  Case 2. 4.131a , 
4
2 105a , 1.00S  
 
      In this case, the power spectral density (PSD) function of the filtered white noise determined by Eq. (21) is 
shown in Fig. 7. The peak value of the PSD corresponds to 223  rad/s which is less than the basic natural 
frequency, 324 rad/s, of the system, but is still not far from the natural frequency. Hence the system under this 
excitation is not far from the resonance state, which can also be reflected by the PDFs of the displacement and 
velocity at the middle of the beam as shown in Figs. 8-11. From these figures it is observed that the displacement 
and velocity are still far from being Gaussian, which means that the responses are still large enough to cause 
strong system nonlinearity. From these figures it is also seen that the PDFs and logarithm of the displacement and 
velocity obtained by the SSS-EPC method are still close to those obtained by the MCS. 
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        Fig. 10. PDFs of the velocity in the middle of beam          Fig. 11. logarithmic PDFs of the velocity in the middle of beam 
4.3  Case 3. .301a , 
6
2 10a , 1000S  
      In this case, the power spectral density (PSD) function of the filtered white noise determined by Eq. (21) is 
shown in Fig. 12. The peak value of the PSD corresponds to 1000  rad/s which is much larger than the basic 
natural frequency, 324 rad/s, of the system. Hence the system under this excitation is far from the resonance 
state, which can also be reflected by the PDFs of the displacement and velocity at the middle of the beam as 
shown in Figs. 13-16. From these figures it is observed that the displacement and velocity are closest to Gaussian 
compared to the results in Cases 1 and 2 even if the value of 0S is much bigger than that in Cases 1 and 2, which 
means that the displacement and velocity are much decreased and the system nonlinearity is slighter in this case.  
      From these figures it is also seen that the PDFs and logarithm of the displacement and velocity obtained by 
the SSS-EPC method are still close to those obtained by the MCS. 
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Fig. 12. Power spectral density function in Case 3 
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      Fig. 13. PDFs of the deflection in the middle of beam      Fig. 14. logarithmic PDFs of the deflection in the middle of beam 
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     Fig. 15. PDFs of the velocity in the middle of beam            Fig. 16. logarithmic PDFs of the velocity in the middle of beam 
5. Conclusions 
      Under the action of the filtered white noise governed by the second order stochastic differential equation, the 
FPK equation governing the PDF of the responses of MDOF NSD system with a polynomial type of nonlinearity 
can be reduced to four-dimensional FPK equations by the SSS method for obtaining the PDF of a displacement 
and its corresponding velocity. The solution procedure with SSS method is presented for the MDOF NSD 
systems excited by filtered Gaussian white noise. The formulated FPK equation in four-dimensions can then be 
solved with the EPC method. The procedure for the probabilistic solution of the stretched Euler-Bernoulli beam 
is presented, which is typical for many real problems in science and engineering. The stretched nonlinear Euler-
Bernoulli beam is analyzed with hinge supports at its two ends and excited by the filtered Gaussian white noise. 
The MDOF system excited by the filtered Gaussian white noise is formulated with Galerkin method for this 
beam. Numerical analysis is conducted with the SSS-EPC method, EQL method, and MCS method for 
comparison and testing the effectiveness of the presented SSS procedure on the investigated high-dimensional 
NSD systems and the EPC method on the reduced four-dimensional systems. The filtered white noise is coloured 
noise with limited bandwidth. The filtered white noises with different power spectral density functions are 
considered, including the case that the dominate frequency of the filtered white noise is close to the basic natural 
frequency of the system when the resonance happens, the case that the dominate frequency of the filtered white 
noise is lower than the basic natural frequency of the system, and the case that the dominate frequency of the 
filtered white noise is much greater than the basic natural frequency of the system. In each case, the results 
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obtained by the SSS-EPC method are close to those obtained by the MCS. From the PDFs of displacement and 
velocity it is also observed that both the displacement and velocity of the beam are far from being Gaussian. The 
results obtained by SSS-EPC with polynomial degree being four are also close to those obtained by the MCS 
even if both the displacement and velocity deviate a lot from Gaussian. Hence the SSS-EPC method is effective 
in analyzing the systems similar to the stretched nonlinear beam excited by the filtered Gaussian white noise and 
with a polynomial type of nonlinearity. 
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